Climate, Control theory, Feedback. Does it make sense?
Richard Saumarez

Designing a machine using control and systems methods includes construaion of
mathematical model of the device, analysis of the model and then buheimngvice
itself. With depressing regularity, the machine doesn’t work properlyfter A
eliminating simple mistakes, the mathematical model may be foubd terong or
the techniques to analyse it may be inappropriate. These erroiatenesting
because they may be quite subtle misapplications of theory and to atiéres®ne
has to go back to basics and re-examine things which one normally takearfiad.
Using simple conceptual models and mathematics, one can analyse utes ofat
feedback as applied to the dynamics of climate. | will take thie leguation used by
Spencer and Braswell [1] and Dessler [2] as a starting pointramno $ee whether it
implies feedback and discuss what constraints exist on determirirgystem has, or
does not have, feedback.

A control system is one that preserves a controlled variable asga@ian input
“demand” in the presence of perturbations and noise. This clearlpgistnes
between the static gain of a system defined by feedbackteady statand the time
varying, or frequency dependent, gains indynamic systemHowever, control
systems are designed to maintain an output signal in response to a detmahd,
probably doesn’t exist in the atmosphere. Control theory nevertheless ugives
mathematical methods to analyse systems with feedback.

The equation [1,2] relating radiative fluxes, ocean heat cap@pjtieedbacki to
temperature changdr :

dAT / dt == SFluxest) + 2-AT (1),
Cp Cp

can be written more generally as a first order differential equation:
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Once you have written a differential equation describing a system, you
have made precisestatement about its physical behaviour.

Arguments made about systems with different physical structureshéwtaime
mathematical form usanalogous variables If one is going to use a generalised
form of maths to analyse a system, one has to be extremely aetulensuring
that a variable that system really corresponds to that in anotheexgorple,
calculating Vi, and V,; in the resistive/capacitor network, the basic equation
should be written in current, not voltage.

The systendoes notontain feedback.

The term k (oi in [1]&[2]) is dissipation.
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Finally, couldk be positive? At first sight, this is unlikely as it might “blow uput
is it conceivable that other negative feedbacks could damp down this acee
system behaves in such a way that it might appear to be positive?

Any linear systerhis defined by its output when the input is an impu§®, an
abstraction of an infinitely short pulse, with an infinite amplitudeamdrea of 1. In
this case, we have

X'=kx+ qt); x(t) =€ (1)

Provided k<O, this negative exponenti x(t)=2a,dt-n4t)
response shows that the system retu a

to zero, and it is stable in the sense tt
the integral of the modulus of signal i
finite.

The relationship between the inpu(t),
and output, y(t), signals are easily
calculable from the system impuls
response, which is usually described
h(t).
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Loosely, one can imagine a signal
composed of a set of impulses At

apart, weighted by the amplitude of tr
signal at each instant. Each has
impulse response and the output of the
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2 A linear system is one described by linear diffiéisd equations. A more “signal processing”
definition, that follows from this, is that it obgyproportionality — i.e.: the output is proportibt@the
input, it doesn’t vary with time (stationarity) aftdobeys superposition, .i.e.: if input A produces
output and B produces an output, the output oftidB is the sum of individual outputs of A and B.



system is the sum of the impulse responses as shown in figure 2.limithbat At
tends to zero, the output becomes the convolution integral of the input arydtdra s
impulse response [3]:

y(t) = [ x(@)h(t-7)dr
The process of computing the output of linear system from its input isrkasw
convolution. The process of working out the shape of the impulse responsidérom
input and output is called deconvolution. We are attempting to definatlceuse of
the system by observing radiation fluxes and temperature, so this ablanprof
deconvolution. Alternatively, we can make a model of the process and use
deconvolution/convolution to estimate the parameters of the model. Thisres
helpful because we can make a model that contains feedback and thgnade
processing techniques to estimate the magnitude of the feedback.

Linear systems and linearisation.

Many real systems are non-linear and are difficult to analyse.c@menon strategy
is to “linearise” the system, which is an assumption that fofl ©nanges, the system
is approximately linear. This stems from Taylor’s theorem:

_ df 1 _,d*f 1 ,d%f
f (XO ¥ a) f (XO) ¥ adX|x:x0 ¥ 2! a dx? [x=Xo * 3 a dx® Ko
showing that if we knovi(x) and there is amall change inx from xo of a, the change
in f(x) is approximately proportional ta becausea®<<<a’<<a. For, example, this
allows treatment of the change in radiation acewdio the Stefan-Boltzmann
equation as linear over small temperature excussiowhether this is appropriate
depends on one’s choice of the rangea @nd that, for these excursions, the higher

order terms really are negligible.

A very simple model of Cloud feedback

This assumption is used in the derivation of thetymamic feedback in climate, and,
using a linearised model, the feedback{sjan be written as a sum of functionals that
relate flux at the top of the atmosphd¥@® to temperature T, by an intermediate
internal variabld.[4]
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While this is definitely not a realistic model of climate,ci&n be used as an
illustration of the process of how to construct a model from phydieadents, which
leads to conclusions about how one would try to confirm if it existed from
observational data.

The oceans are simply an integrator
1 t
T(t) =T, +— | F™(t)dt (2
O=To* o j (tdt (2)

As an internal variable, one could imagine cloGgd formation being proportional to
rad
oF™ _ _ 1

oC,

temperature so thagl_l_ can be represented ggcti =k(T -T,) and

There are several important assumptions in thesatieqs.

1) The first is that heat is perfectly distributbdough a layer of ocean without
delays, which probably isn't true.

2) The second assumption is that the feedback mttedirectly affect the output
by “sucking” heat out of the ocean when cloudsfarmed. Technological
systems are designed so that the feedback doésadathe output, and in this
case the latent heat of evaporation is assumed tegligible compared to the
ocean heat sink.

The feedback term in this model is convolutionhad butput, itself a convolution, and
the impulse response of the feedback. Viewed is tmay, analysis becomes
increasingly clumsy.

There are more powerful (and computationally edfit) methods of solving these
types of model than time domain convolution that aidely used in system and
control theory. The idea is that a system andjmaasican béransformednto another
“domain”, i.e.: expressed in terms of another J@das. The consequence of this
transformation, thé.aplace Transformis that operations in the time domain, which
we perceive as involving a “calculus” operation cha treated as algebraic
expressions in the domain. Once an algebraic solution is obtainethé@s domain,
the time domain solution is calculated using theerse Laplace Transformrhis
appears, at first sight, to be an incredible slighhand, conceivably a “trick”, but
actually allows to one to see things about thessystery intuitively.
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The transfer function, which is the Laplace transform of the impulse response, of a
feedback system witA(s)in the forward path anB(s)in the feedback:

s _y (s) = _ A 3)

X(S) 1+ A(s)B(S)
While this is a dynamic model, §=0, it becomes the static gain equation or the
“climate sensitivity”.

The forward component is an integrator (equation 2) and is ther%%ge and the

feedback network is a linear first order system with a transfelﬁq—. Hence the
s

system response is:
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This result is very significant because the responsejisdr atic equation in svhich
when rewritten so that output is related to the input becomes:

s?y(s) + ksy(s) + A y(s) = x(s)
Cp

Since integration in the Laplace transform is division sbgnd differentiation is
multiplication bys, this means that this equation,sncorresponds to second order
differential equation in time:
2
d Z + kﬂ + i
dt dt Cp

y = X(t)

Therefore, the eqion used to define “feedback” used by Spencel
Braswell and by Dessler, which is first ordegnnot contain a ter
explicitly relating to feedback

Positive Feedback

Suppose there is an element that increases tempermtponentially with an impulse
of flux, (i.e.:k in equation 1 is positive,) of the form T(Be" will this is lead to run
away temperature? Strictly this is an unboundethei#, but it could be created by
positive feedback.

The Laplace transform is:

A(S) = . Note the transform &fe® is A(s) = b

s-a s+a’

What matters is the sign af, if it negative, the signal is unbounded, i.e.s lzn
infinite integral with respect to time and, if pibg, it is bounded. If there is constant
negative feedback, G, the transfer function ofsygemH(s) is simply:




H(s) = Als)  _ b
1+GA(s) s-a+Gb

ProvidedG>alb, the constant component of the denominator is positive and the
system is stabilised, so converting its impulse response from as@@siponential to
a negative exponential

Therefore in debate ove |
whether clouds create -
negative or positive Overshoot
feedback, and, if positive is
the system unstable, it it st
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both with different time §:| /|
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Equation 4 illustrates another feature of control systems that miayploetant in the
“feedback” debate. The factkin equation 4, determines the damping of the system.
If it were zero, the system would oscillate. Were it sntladl,system in response to a
step change in flux, would overshoot and perform an series of exponentiallyddampe
oscillations while settling to a new level (figure 4). Rsbecomes greater, the
response of the system becomes non oscillatory and becomes two exponentials.

While major overshoot is unlikely, the possibility of a minor degree ofstnom
should be borne in mind, since if incorrectly analysed, it could be intedoee
“positive feedback”.

What is the “delay” in the system?

One common misunderstanding is that a feedback system, such as thatirshown
figure 3, can be written with constants in the boxes. This is thesohitequation 4

when the frequency equals zero and is the static gain (or clireasitigty). In
reality, such a system cannot exist because all physical systgrose delay. What
determines the dynamic behaviour of a feedback system is not so mstatithgain

but the frequency dependent delays imposed by the forwards and backwards
components in the loop.

The Laplace transform is a generalised case of the Fouriefdrandts variable, s,
contains two variables, a damping coefficieat,and complex frequencpw. In
general, the Fourier transform of the transfer function is caleufabi the Laplace
Transforni. Computationally, having derived equation 4, one can calculate an output



from a known input and transfer function or, in principle, compute the transfe
function from the input and output using a Discrete Fourier Transform {DFT)

A first order system, with an exponential decay impulse respdfiseas a Fourier
Transform of:
@)=t

K+ jw
The responsd(w), is a complex number and has both magnitudepdnage This
means that if a cosine wave is passed through this system, hendttenuated by
magnitude G(w) of the frequency response and it will be shifted in pleg by
the argument of the response:

1 R
m, qa(w)—tan(k).

A phase shifted cosine wave is simplgiledayedcosine wave since:

Glw) =

cos(t+ @) =cos(at-T), whereT =g/w.

This example shows that the delay of signal through a system is dependist
frequency content isn’'t a delay at all but is a phase shift. Tdrerefhat does one
mean by a delay in the system and what, if anything is one measuring where®ne
to measure it? Any system that stores energy will impose a nar-lrequency
dependent phase shift rather that a pure delay, which has a linear dhange
frequency.

Therefore the attempt to define a system bydgday that it imposes on a signe
meaningless because delay will depend on the inputs.

The phase response of the system in equation 4 is plotted togetheheviphase
responses of two different pure time delays (in green) in figure Shaydare clearly
completely different.

What is the relationship between the system response and lagged regresSi
The expression [5,6]:

R, = [xO)yt+ndr  (5)

% The Laplace and Fourier Transforms are analytioaktepts. The integration limits are between +-
infinity in time and they are continuous in frequgn You cannot compute the Fourier Transform of a
real signal! We observe signals over a limited tfinane and the signals are usually sampled. In the
computational modelling of transforms, one is natually using true transforms but series
representations of the transforms, which are répetin the time domain. The results are not
continuous in frequency. This is often a sourcenagfunderstanding and quite spectacular errors. Not
all functions that have Laplace transforms have. HRsour case, an integrator has an impulse(9f
which is not Fourier Transformable

* The Fourier transform of a signal f(t), that isayed by T is simply

F(o) =] ft-T)e “dt=[ f (e Nds=e " F[f (1)]

i.e.: a phase shift proportional to frequency.



is very similar to the convolution integral. Writing this in a digef®rm, assuming
that the expected values xqt) andy(t) are zero and normalising for the power in the
signals, we get:

3 x(k).y(k + 1)
R () = S 7S v ()

This is clearly a correlation coefficient, between a signad and a signay that has
been shifted by n. Finding the value of n at which the cross-correlattomaximum
identifies the “delay” in the system fone particular set of signalsnly. How is this
related to the system resporg®? It is easy to show, by taking a Fourier Transform
of equation 5, that:

R(@)=Y()X*()

WhereX*( ) is the complex conjugate &{«). SinceY (wW=H( W)X (w):
Y(@X*()=H(w)X()X*() and so Ry @) =H(W)R()

Therefore the crosserrelation between the two signals is the convolution bet
the system transfer function and the auto correlation of the input al
mathenatical techniques used to extract system parameters frongtiad shoul
reflect this

The way that lagged regression is used by both SB2011 and D2011 does not appear to
reflect this relationship, since it does not represent time dodegionvolution and so
system parameters are not easily recoverable. The technique teeenginate from

static climate sensitivity calculations (Forster and Gregony Piit its use to calculate
climate dynamics is therefore questionable. The model in equation decased to

extract a “time delay” and a “gain” by regression using a band gegedi random

input sequence, and this immediately shows that the estimates vdwyinput
bandwidth. In other words, the measured “parameters” of the systenmoare
parameters.

How to measure the system Parameters
One has to be very clear in what one is trying to achieve with apsanaf highly
variable data and should start with a formal statistical hypothesis.

Hypothesis: The means of the distributions of the system feedbackepersaare
zero and the system cannot be distinguished from a system without feedback.

Having raised this hypothesis, one can explore the difficulties imgesti A very
common problem is that one can have an elegant mathematical mogeboéas but

the data in too restricted to distinguish one’s model from a siropkerin this case a
model with feedback and the null hypothesis, one without feedback. This problem
crops up in virtually every branch of science and generally results in an ill conditioned
set of equations used to calculate the parameters of the model.



Another major problem is that if the model has an incorrectly matethenponent,

the real response of this component can “contaminate” the represemtaanother

part of the system. In the model presented here, the ocean isentpdeas an
integrator, simply because that is how SB2011 and D2011, D2010 choose to represent
it. | practice, | bet it isn’t and it really should be represgrig a multi-compartment
system with fluxes and diffusion between different compartments. ¥owasing

real data to perform a deconvolution, the real behaviour of the oceartsirwilp
spuriously in the “feedback”, because it can’'t behave in a realiay¢ with multiple

time delays, in the model. This has been a common problem in sydtmtifdation

in biology/medicine and would require careful analysis.

In climate because there is only one record of temperature, fltxesne so one is
dealing with essentially one observation, unlike classical systenmssiagnahere one
can ‘“interrogate” a system using multiple input sequences and obtambuat r
estimate of the system parameters. This may lead to formisiaitstical problems in
testing the hypothesis.

Looking at a Bode plot (figure 5) of the model in equation 4, clearly the bes
frequency range to resolve the feedback parameters is a region of id&s3the
natural frequency of the systemy. In practice, this depends on the length of the
record, which determines the fundamental frequency of the DFT ofdbedrdn the
time domain, this means that if the impulse response of the systemch longer
than the record, one can’t characterise it. A further problemaistihe Flux signals
are band limited and may not fully cover the range of the impulse response.
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Alternatively, if the impulse response is relative short, say amamte will not be
able to detect it with a record in monthly samples becauselibeibliased For
some reason, filtering a signal with a rectangular impulse respandethen

® Aliasing means that the sampling frequency is ltw to capture the full frequency content of a
signal. In this case, the signal is irretrievabdyrupted and cannot be analysed. This is an éredr
has bitten many uncritical researchers in the hiadgrs and given a sampled signal, the first guest
should be “is it aliased?”.
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decimating the signal is commonly used in climate “to reduce noibkis is highly
undesirable because it may force aliasing on previously correctly sampled signal.

If we are lucky and the impulse response is relatively short cochpatie the length
of the record, the record can be segmented into lengths that contaimpthise
response and the parameters estimated from each record, allobetigrastatistical
estimate of the system response to be obtained.

An alternative approach, which | would use, is a parameter fittichnigue.
Although there are many schemes, the simplest is to use the modsdt® an output
as function of the parameters and determine the integral squacedetween the
predicted and actual outputs. Minimisation of this integral with csfe the
parameters of two competing models may determine whether thefitb@sodel is
one with or without feedback and allow the hypothesis to be tested.

The thesis | have advanced is that if one is to model a processcgreahould be
taken to ensure that the model actual conforms to the physical hypothksis,
should be stated explicitly and the assumptions underlying the model should be
scrutinised. The data analysis methods should reflect the mathemiatite model

and lead directly to estimation of its parameters. The use of mulifgessof analysis

can become blind alleys and so one should ask what each processing stepnmea
physical terms. | am slightly sceptical that a systems approach of using detonvol

to imply feedback would give an unambiguous answer, although it may be possible
given some more accurate models of ocean temperature dynamics and cloud
formation, coupled with a careful error analysis. | am, however, in no dbabt
analysis of flux and temperature data, even at the level presenggdsheeformidable
problem and requires a substantial body of highly critical thought.
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